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Analysis of a Third-Integral Resonamce

In preparation for the Aladdin experiments, T will give an analytic
treatment of a third-integral resonance. By starting from the equations for
an actual ring, we can then connect the analytic parameters with the real

ring.

1. Analysis of the Resonance.

The Hamiltonian in the neighborhood of the third-integral resonarnce

3v = m can be written in terms of angle-—action variables J, Y in the form
b= v - 5¢20)%2 sin(3y-m6 + 37) + -}Ia(ZJ)Z , (1.1)

where I have suppressed the subscript x on v, J, Y, and S, a, g, are
parameters to be connected later with the real machine. The independent
variable 8 runs from O to 27 around the ring. I have kept only the linear
term, the resonance term, and a frequency shifting term. All other terms are
assumed transformed away; their effects remain only in the frequency shifting

coefficient a.

We first transform to a rotating coordinate system via the

generating function

F(I,Y,8) = J(Y -3 6+ 1) , (1.2)

which gives
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the new Hamiltonian is
h=(v-B - s 32 gin3y + e en? (1.4)

where J is written for J = J. In rectangular canonical coordinates



x = (209 %siny , B = 20)2cos v, (1.5)

h = %(v - %)(xz + 22y - 3 sxp? 4 sx° + %a(X2+P2)2 . (1.6)

If we omit the term In a, then at the separatrix, Eq. (l.6) factors into the

product of three straight lines:

v-m/3
6S

v-m/3

1[V3P + X + —5

S[X -

11v3p - X - “52/3] =0 . (1.7)

The phase plane for this case is shown in Fig. 1. The limiting value of X at

the separatrix is

1/2 - I\)"‘Dl/3| .

XS = (2J 73

g) (1.8)

If we keep the frequency shifting term, it is easier to work with

the Hamiltonian in the form (l.4). The fixed points occur where

oh
= 3/2 _
7 " ~-35(2J) cos3y =0 ,
and
dh
35 =V - % 3S(2J)l/zsin31 +a(2J) =0 . (1.9)

The solutions are:

Y = /6, 57/6, 3n/2 and w/2, 77/6, 1lm/6 ,
(1.10)

(ZJ)l/z - (£)38 + [[38)2 _ V—m/3]1/2

2a a ’

where the upper sign in (%) refers to the first three solutions for Y, and the

lower, to the second three. There are three cases:



a) 82 < (&/9)(v - m/3)a [(v - m/3) and a have the same sign].

No roots. Phase plane shown in Fig. 2.
b) 82> (4/9)(v - w/3)a > 0 .

Two roots; we must chocse Y so (x)S/a > 0. Separatrix has ears

(Fig. 3).
~ 1/2 38 35,2 v-m/3 /2
XS - (ZJS) = ’_— - ("2"5) - 2 ] s
(1.11)
/2
1/2 3542 v-m/3
Xy = (290) =| |+ [Z)" - —=1 .
¢) (v -~ m/3) and a have opposite signs.
One root for each sign in (). Separatrix has islands (Fig. 4)-.
1/2
38 m/3-v
xg = IO 2 B4 (B2 42z
(1.12)
1/2
_ 1/2 _ 38 35432 m/3-v

It is not easy to calculate the sizes of the loops in cases b)
and c). Let us consider the exactly resonant case, V = m/3, shown in

Fig. 5. [Fig. 5 is drawn for the case S/a > 0.] The solution of Eq. (1.9) is
= (23, ) ] (1.13)
The separatrix is given by the equation
b= -5(2)%/% sin(3y)+ %a(ZJ)z -0, (1.14)
whose solution on the ray through the elliptic fixed point is the origin and
V2.

= (23 ) (1.15)



2. Conunection with the Real Ring.

We start with the Hamiltonian for the real ring (e.g., Aladdin), in
terms of the variables x, y, and the independent variable s (distance measured

along the central orbit):

2

_ 1, 2 ;2 1 2 B" . 3 _ 2
real = E(px +fyy )y + E(KXX + Kyy )y + EEE(X 3xy7) (2.1)
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where we have included linear and sextupole terms. Higher-order terms can be

added without changing the treatment essentially. The momenta are defined by

oH _ dz _ _,
P, T, Ta P (2.2)
where z is either x or y. We make a canonical transformation to the angle-

action variables for the linear motion:

L 1/2 1/2 . -
z = Bz (2JZ) 31n(Yz QQ s
Z (2.3)
_ a-L/2 1/2 - - : -
p, = B 17(23, )" Teos(y, = ¥,) - o sin(y, - V)],
where ¥, (s) is defined by
s
9,(s) = [ [8 - v /Rlds (2.4)
z z z ?
where the constant of integration is arbitrary and may be chosen to make
<¢,> = 0, and 27R is the circumference. The resulting Hamiltonian is
_ B" 3 _ 2
H = VXJX/R + Vny/R + Bﬁz[x 3xy°] , (2.5)

where we substitute in the square brackets for x and y from Eq. {(2.3). The
sextupole terms may be transformed away (see Section 3 below), except for
terms which drive the resonance 3vX - m = 0., The result is to add a

polynomial in Jg, J, to the linear terms in Eq. (2.5). None of the nonlinear

y



terms in the ideal lattice drives the resonance. Let us assume they have been
transformed away, and that there remains only the single sextupole which we

use to excite the resonance:

2 2
Hp = vXJX/R + vny/R + (a/R)JX + 2(b/R)JXJy + (c/R)Jy

B" % 3 2
+ 55 5(s—sj)[x - 3xy7] (2.6)

where the sextupole is at s = s., and we have included non—resonant terms

through fourth-order in J1/2. in case the resonance is driven by
imperfections in the lattice, the last term becomes a sum over imperfection
sextupoles; these terms can be handled in essentially the same way as we treat
the driven sextupole below. The coefficients a, b, ¢ define the change in

tune with amplitude. The nonlinear tunes are

dYX 'aHf
NX = R‘d—s-'— = R—aj‘; = \)X + a(ZJX) + b(ZJy) 3

de aHf (2.7)
Ny = Ra'—s— = R.E]; = \)y + b(sz) + C(ZJy)

where 2Jz z 2/BZ is the square amplitude of the motion.

max

To simplify the algebra, we now set y = 0, and consider only the x-

motion near the resonance. The Hamiltonian is

e = VT8 @012+ Bk ety 23 )% 317 sandcr, - v
(2.8)
= v J_ /R+(a/R)T_ 2y g;§3/2 (s SJ)(ZJ )32 - %-Sin3(YX‘¢x)+ %Sin(Yx"wx)] )

We may expand the periodic delta—-function in a Fourier series:

©  im(s-s5.)
§(s —s.)= I e 3o . (2.9)
i ele



It will also be convenient to change to an independent variable 8, which

increases by 27 around the ring:
s = B/KR . (2.10)

It is easy to see that the effect is to multiply the Hamiltonian by R. The

result 1is

H, = VvJ + aJ 2 + ; S(2J )3/2[—sin(3 -mb + Eii—— 3¢ )
0 X X X n= —oo X Yk n R % j
msj
+ 351n(YX - m0 + < - 3¢Xj)] . (2.11)
where
82/%8 5
s = (

48 B@.J s=s, ° , (2.12)
P j ; g

- J
All the terms except the resonant term can be transformed away (see below).
The result is

/2 ms ,

_ _ 3 . _ i 2
H = VXJX S(ZJX) 51n(3YX m6 + = 3jo) + aJX . (2.13)

res

where m is now the fixed value associated with the resonance (m = 22 for the

Aladdin experiments). This is the Hamiltonian (l.l), with

L = wxj + msj/BR . (2.14)
After transforming away the non—-resonant terms, we are left with
variables J, Y which differ from those 1in Eq. (2.3) by terms of order Jl/z and
higher. We will neglect this difference, and identify the final variables J,
Y with those in Eq. (2.3). Since all transformations are canonical, the final
variables J will be associated with phase curves having the same area as those

associated with the original variables J.



3. Transforming the Non-Resomant Terms.

There are various ways of transforming away the non-resonant terms,
all of which should give the same eventual result. We proceed as follows.
Define a transformation J, Y » J, Y defined by the generating function

ms.

F(3,Y,8) = Iy + 2 20 72 1F cos(3y-mb + —=3 - 3p.)
- - n; -— m3 R 3

+ le cos(y-mb + msj/R - wj)] R (3.1)

where the summation is over all terms corresponding to those in the sum in
Eq. (2.12) except the resonant term, and we suppress subscripts x for

convenience, The resulting transformation is

J = g% =J - E'(22)3/2[3Fm3sin(3Y-msj/R-3¢j)

+ lesin(Y—me + msj/R - wj)] s (3.2)
Y = %g =y + E'3(2£)1/2[Fm3sin(3Y-m8+msj/R-3wj

+ Fm3sin(Y-m6 + msj/R - wj)] . (3.3)

The new Hamiltonian may be written

_ F 3/2
Ho= Hgt 55 = VW - S(2J)7" "sin(3y - m6 + msj/R - 3¢j)

] 3/2 . ] '
E'(Zi) 51n(31 - m'6 +m Sj/R - 3¢j)[-8 + Fm3(m~3v)]

(2£)3/Zsin(1 -~ m'f + @'sj/R - wj)[3s+le(m~v)]

Z'
IT-I"

+ aJ? + H, + h.o.t. , (3.4)



where H;, includes the fourth-order terms, and h.o.t., the higher-order terms
that come from the substitution. We eliminate the non-resonant third-order

terms by setting

Fo=8/(m~3v, F, =-53m- V. (3.5)

The terms in H, include 6-independent terms arising from squared sines plus
O~-dependent terms, which we may again transform away to higher order by the

same method. There remain to fourth order in Jl/2 only the terms

o 3/2_. _ _ 2
Hrc = vJ - 5(2J) sin(3Yy - mb + msj/R 3Wj) + (a + aS)J s (3.6)

where the addition to a, due to the added sextupole, is

a = 682 51 3 1

2
+
S . [m'~3v m'-V
m

65 [~ 2= + 36v + 65(3v) ], (3.7)

]

where 8v = Vv - m, and m is the nearest integer to v. Note that the resonant
contribution -1/8(3Vv) does not appear, since the resonant term is included

explicitly in Eq. (3.6). The coefficient a itself arises from the sextupole
terms in the lattice itself, plus any octupole terms. However, it is easier

to get a from Eq. (2.7).
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